We derive the analytical expression of the M 2 factor of a Bessel -Gauss beam of any order and discuss its behavior for high and low values of the width of the Gaussian prof ile. The case of unapertured Bessel beams can be treated as a limiting case of our analysis.
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One of them, the M 2 factor, has gained such wide popularity that it is currently used in data sheets for commercial lasers. This factor, for three-dimensional beams, is def ined as 
where s 0 and s`are the second-order moments associated with the intensity distributions at the waist plane and in the far field, respectively. For a fixed width at the waist a better-quality beam is associated with the smallest angular divergence, so M 2 is to be thought of as an inverse quality factor. A minimum value of 1 is reached for the lowest-order Gaussian beam.
The M 2 factor also plays an important role in the framework of the paraxial approximation. It has indeed been proved that the widths of propagated beams, both coherent and partially coherent, obey the same law as a Gaussian beam; i.e., its squared value is a parabolic function of the distance from the waist plane. 2, 3 Therefore, it is possible to associate any beam with an equivalent Rayleigh distance along which the width of the transverse section of the beam is approximately invariant. Such a distance turns out to be inversely proportional to M 2 .
4,5
It must be stressed that here we refer to a particular definition of width, whereas different definitions are usable. 6, 7 An interesting case is represented by Bessel beams. 8 Because of the nondiffracting behavior of such beams, the range over which the beams' cross section remains unaltered is virtually infinite. Unfortunately, their M 2 factor cannot be computed because such beams would convey an infinite amount of power, and therefore their variance also diverges. By the way, this is why a true beam of this kind cannot be realized. In any practical implementation a windowing prof ile has to be superimposed upon the Bessel pattern. One wonders whether the presence of a prof ile can remove divergence problems in the evaluation of M 2 while permitting the ideal unapertured case to be recovered through a suitable limiting procedure. The deceptively simple case of a circular aperture does not help. Not only is the propagation process intractable in simple analytical terms, but also a further cause of divergence is introduced by the discontinuity and at the prof ile boundary. 9 Among continuous prof iles a good candidate for use in M 2 evolution is the Gaussian one, which leads to the Bessel -Gauss beams introduced by Gori et al. 10 Bessel -Gauss beams have proved to be useful in several problems, 11, 12 often giving rise to closed-form results.
In this Letter we consider the evaluation of M 2 for a Bessel -Gauss beam of any order. As far as we know, the expression of M 2 for such beams is not available in the literature. Taking into account the current interest in Bessel -Gauss beams, this may be surprising but probably is due to the fact that the integrals to be performed involve hypergeometric functions. As we shall see, this diff iculty can be circumvented through a procedure that eventually leads to a rather simple closed formula for M 2 . Such a formula shows that, for any order of the beam, M 2 is an increasing function of the width of the Gaussian prof ile. Accordingly, it can be concluded that in the limiting case of unapertured Bessel beams M 2 is to be taken as inf inite. On the other hand, we shall see that M 2 tends toward a finite value when the width of the Gaussian prof ile becomes smaller. The latter result can be easily interpreted in terms of known properties of Laguerre -Gauss beams.
Let us suppose that, at the plane z 0 of a suitable reference frame, the field distribution produced by a Bessel -Gauss beam of order n (BGB n ) is present:
where A is a possibly complex amplitude factor, which will be set to unity without loss of generality, J n ͑?͒ is the nth-order Bessel function of the first kind, 13 and b and w 0 are two positive parameters.
When we use formula 6.633.2 of Ref. 13 and the integral representation of the Bessel function J n ͑x͒, 13 the two-dimensional Fourier transform 14 of U n ͑r, q ͒, namelyŨ n ͑n, w͒, turns out to bẽ
with I n ͑?͒ being the nth-order modified Bessel function of the first kind. 13 From Eqs. (2) and (3) it turns out that the intensity distributions jU n j 2 and jŨ n j 2 are radial functions, so the second-order moments s 0 and s`are given by
0146-9592/97/050262-03$10.00/0respectively. The evaluation of such quantities involves the use of hypergeometric functions (see formula 6.633.5 of Ref. 13 ) and appears to be cumbersome. However, it is possible to overcome this difficulty by use of an alternative technique. To this end, let us introduce the functions F 1 ͑a͒ and F 2 ͑a͒, defined as
with d pbw 0 2 , and note that s 0 and s`can be written as
where the prime denotes derivation with respect the variable a. The explicit expression of F 1 ͑a͒ turns out to be
where formula 6.633.2 of Ref. 13 and the equation 13 I n ͑x͒ i n J n ͑2ix͒ ,
have been used. Performing the first derivative of function F 1 ͑a͒ gives us
and, when we use 13 xI n 0 ͑x͒ xI n11 ͑x͒ 1 nI n ͑x͒ ,
the term in braces in Eq. (12) turns out to be
Substituting Eq. (14) into Eq. (12), we obtain, after some algebra,
and then, from Eqs. (8), (10), and (15), we derive
where the parameter g b 2 w 0 2 ͞4 has been introduced.
The evaluation of s`can be performed in an analogous way, starting from Eqs. (7) and (9), yielding
Thus, from Eq. (1), the M 2 factor of BGB n turns out to be
with R n ͑g͒ I n11 ͑g͒͞I n ͑g͒ .
Equation (18) is the main result of this study. Curves of M 2 as a function of bw 0 are shown in Fig. 1 for several values of order n. It can be seen that the quality factor tends to the value ͑n 1 1͒ when bw 0 approaches zero. This is due to the fact that, when 1͞b is much larger than w 0 , i.e., when the Gaussian prof ile is much narrower than the central lobe of the Bessel function, the latter can be approximated by means of a Taylor expansion. In this case we have
which is proportional to the field at the waist plane of a Laguerre -Gauss beam of indices 0 and n, whose M 2 factor is exactly ͑n 1 1͒.
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On the other hand, we can derive the behavior of M 2 for large values of bw 0 by considering the asymptotic expression of the modif ied Bessel functions. In this case, indeed, since
from Eqs. (16) and (17) and expression (21), it can be shown that, if bw 0 !`, then
regardless of the value of n. As a consequence, from Eq. (1), the value of M 2 tends to bw 0 ͞2. In such a Fig. 1 . M 2 factor of a Bessel -Gauss beam of order n.
limit the equivalent Rayleigh distance 5 turns out to be proportional to the ratio w 0 ͞b, in agreement with the estimation based on the geometric model for Bessel and Bessel -Gauss beams. 8, 10 In conclusion, we believe that our analytical result regarding the quality factor of Bessel -Gauss beams could be useful in designing and characterizing optical systems for diffraction-free beams, and, in particular, in studying the shape-invariance properties of such beams 15 or the divergence properties of related partially coherent beams.
